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ABSTRACT
Let M be a Kaehler manifold of real dimension 2n with holomorphic sectional cur-
vature Ky = 4\ and antiholomorphic Ricci curvature p4 = (2n — 2)A, and P is
a complex hypersurface. We give a bound for the quotient (volume of P)/(volume
of M) and prove that this bound is attained if and only if P = CP"~'()\) and
M = CP"(N\). Moreover, we give some results on the volume of tubes about P
in M.

§1. Introduction

In [H-K], Heintze and Karcher obtained, for the volume of a submanifold of
a Riemannian manifold, an inequality which has, among others, the following in-
teresting consequence: “Let ®&,, , 4 be the family of pairs (P, M) such that M is an
n-dimensional connected compact Riemannian manifold with Ricci curvature
bounded from below by (n — 1)\ (A > 0) and P is a connected compact hypersur-
face of M with A as an upper bound of the norm of the mean curvature of P. Then
the function ‘relative volume’ V:®, , » — R defined by V(P,M) = (vol(P))/
(vol(M)) has a minimum on the pair (S{; 1z, S{), and this is the only pair on
which the minimum is attained”. Here S, denotes the g-sphere of constant sec-
tional curvature u. A similar result is obtained for P of arbitrary codimension if
the hypothesis on the Ricci curvature is changed by one on the sectional curvature.

In [G-M]}, V. Miquel and the author have considered the smaller family ¥, \ » «
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of the pairs (P, M) such that M is a connected compact Kaehler manifold of real
dimension 2n with antiholomorphic Ricci curvature and holomorphic sectional cur-
vature bounded from below by (27 — 2)\ and 4\ respectively, and P is a real
hypersurface of M with 4 and k as upper bounds of the modulus of the JN-mean
curvature H;y and the JN-normal curvature & respectively and with &k H;y =
0. We have proved that the relative volume has a minimum on the pair (S°,
CP"()\)) and this is the only pair on which this minimum is attained. Here SC is
the geodesic sphere of radius r of the complex projective space CP"(\) of real
dimension 2»n and constant holomorphic sectional curvature 4X\; r is given as a
function of A, 4 and k.

The aim of this note is to obtain bounds for the function V on other sets of pairs
(submanifold, Riemannian manifold) and the characterization of some pairs by the
fact that they realize one of these bounds. In particular, the main result we prove
here is: “Let 9, , be the family of pairs (P, M) where M is a Kaehler manifold of
real dimension 2n with holomorphic sectional curvature K = 4\ and antiholo-
morphic Ricci curvature p, = (21 — 2)A, and P is a complex hypersurface of M.
Then V has a minimum on the pair (CP"*~!(\), CP"(\)) and this is the only pair
on which the minimum is attained”.

The plan of the paper is the following. In §2 we define the Jacobi operator for
submanifolds of arbitrary codimension and give an expression of the metric ten-
sor of the manifold in terms of this operator. This will be a fundamental tool for
the characterization of the pairs realizing a bound. In §3 we prove the main the-
orem of the paper. In §4 we give a theorem for tubes around complex sub-
manifolds in Kaehler manifolds which is in the spirit of the theorems of Gromov
({Gv, lemma 5.3 bis]) and Nayatani ([Na, th. 1]), and which generalizes a result of
A. Gray ([Gr 2, th. 6.1]) in the same vein that Gromov’s result generalizes one of
Bishop ([B-C, p. 253]). We get some consequences of this theorem by using, in an
essential manner, some technical results given in §2 and §3.

Now, we recall some definitions and give some notation.

Let (M, {, ), J) be a Kaehler manifold of real dimension 2n. A holomorphic
plane is that generated by two vectors of the form X,JX. An antiholomorphic
plane is that generated by two vectors X, Y such that Y is orthogonal to both X and
JX.

The holomorphic (antiholomorphic) sectional curvature K, (K,) of (M, (, >, J)
is the restriction of the sectional curvature of M to the holomorphic (antiholo-
morphic) planes. We shall denote by K (X) the holomorphic sectional curvature
of the plane generated by X and JX.
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We shall adopt the following definition for the curvature and the Riemann-
Christoffel tensor:

R(XY)Z = —[Vy,Vy]Z + Viyy,Z and Ryyzw = (R(X.Y)ZW).

Given a point p € M, a vector X € T,M and a holomorphic subspace II of real
dimension 2q and orthogonal to X, the antiholomorphic g-sectional curvature
K(X,II) of X at I1, is defined by

2¢q
K(X,II) = Z} R xe, xess

where {e;,Je, = e,,...,€5,.1, Jer,_| = €5,] is a J-orthonormal basis of II. This
concept is just the restriction of the 2g-mean curvature (defined in [B-C, page
253]) to the holomorphic planes. Then K(X,II) depends only on the 2g-plane I1
and on X. We note that, as a consequence of the definition, IT must be also orthog-
onal to JX. When g = n — 1, the plane II is uniquely determined, then K(X,II) de-
pends only on X, and it will be denoted by p4 (X)) and called the antiholomorphic
Ricci curvature of X.

I wish to thank V. Miquel for his advice and F. Carreras and A. Ros for use-
ful comments.

§2. Jacobi operators

A very useful tool to characterize the pair on which the minimum of the rela-
tive volume is attained is the Jacobi operator. It is defined in [Ch] for real hyper-
surfaces and for points (see also [V-W]). Here we extend this concept to
submanifolds of arbitrary real codimension.

Let M be a Riemannian manifold of dimension n, P a submanifold of M of
dimension ¢ < n. We shall denote by (69TP) 9P the (unit) normal bundle of Pin
M, and by 9, P (691, P) the fiber of TP (sILP) at p € P. For every N € 6P, Ly
will denote the Weingarten map of P associated to N.

2.1. DEFINITION.  Let p € PC M and N € 691, P. Let yn(¢) be the geodesic of
M satisfying y5(0) = p, y4(0) = N. For every e € T, M, let e’ be the component
of ein T,P and e* the component of e in 9, P. Let us denote by {N}* the or-
thogonal complement of the vector space generated by N in 7,M. Then the
Jacobi operator Q(¢, p, N) is the map

Q(1,p,N) 1 [N}* - {N}*
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defined by
Q(r,p,N)e =1,'Y(1),

where Y (¢) is the transverse Jacobi field along + such that Y(0) = e¢” and VY +
Lye’ =e*, and 7, is the parallel transport along yn(?).

Let us denote by ®(¢) the operator R(¢): {N}+ - {N}* defined by R(¢) =
77 Ve R(t) o 7,, where R(¢) is given by R(1)U = R(yn (1), U)y5 (1) for every U €
T’YN(f)M'

By a direct computation from Definition 2.1 one gets

2.2. ProposITION. Q(t, p, N) satisfies the equation
Q" (t,p,N) + R(t)Q(t,p,N) =0

with the initial conditions @(0,p,N) = 1d, ® 0 and @' (0,p,N) = (—Ly) @
Id,_, 1, where 1d, means the identity map on T,P, and 1d,_,_, and 0 are the
identity and the zero map on N ,P N {N}*, respectively.

Let § be a subset of 7M. From now on we shall denote by expg the restriction
to 8 of the exponential map on 7M.

From Definition 2.1 and the relation between the transverse Jacobi vector fields
and the exponential map (cf. [DC], for example), it is straightforward that

2.3. PROPOSITION. Let JUP(t) = (X € NP such that | X| =t}. Then
rank Q(¢,p,N) = rank{expop( bxn-

To end this paragraph we give an expression of the metric of M in terms of the
operator Q(¢,p, N) and the metric of P, which generalizes those given in [Ch] for
P a point and for P a real hypersurface (see also [K-V]). For this we first need a
special type of coordinates: the spherical Fermi coordinates, which coincide with
the spherical geodesic coordinates when P is a point and with Fermi coordinates
when P is a hypersurface. Spherical Fermi coordinates are related with Fermi co-
ordinates as spherical geodesic coordinates are related with geodesic coordinates.

2.4. DeEpINTTION.  Let (U, ¢) and (V, ¥) be coordinate systems of P and §79~!
respectively. Let {fi}i=y+1. .. be alocal frame of 9P on U. Let us define
N:U X V- sJlP by

N(p,§) = 2 f(p),
k=g+1

where £ = (£9%', ..., e ST 9L C R Let W=¢(U) x ¥ (V) x I (ICRY)
and x: W - M defined by x(u, v,1) = expy-t(,y IN(¢ (1), " (v)). We can take



Vol. 71, 1990 VOLUME OF A KAEHLER MANIFOLD 243

U, V, and I so that x is a diffeomorphism. Then the pair (x(#),x~') is called a
system of spherical Fermi coordinates.

2.5. PROPOSITION. In a system of spherical Fermi coordinates the metric ten-
sor has the expression given by

q
ds?=dt* + 3 (Q(1)[3,97" + (V,N)'],
a,8=1

Q1) [0507" + (VsN)* ]y du™ du®

n—1
(2.5.1) + 3 (Q()3;N,Q(1)d;N)dv' dv’

ij=q+l

+ > (R(1)[8,07" + (V,N)*],8(2)9;N) du® dv’
a=1,...,q
i=q+1,...,n—1

where Q(t) = Q1,6 (1), N~ (1), ¥ " V), Vo = Vossues Vi = Vasaniy 0 =
8/0u™ and 9; = 8/9v".

Proor. It is easy to see that Y, (¢) = d,x(u,v,t) and Y;(t) = d,x(u,v,t) are
transverse Jacobi fields along the geodesic y(¢) = exps-t(,) IN(d 1 (u), ¥y~ (V)
satisfying the initial conditions

Yo (0) = 3,07 (u),  Yi(0) =V ,N(¢7'(w),y '(v)),
Y;(0) =0, Y{(0) = ;N(o~"(u),¢~"(v)).

On the other hand Y, () = 7,Q(#) [3,6 ' + (V,N)*] and Y:(f) = 7,Q(£)3; N
are transverse Jacobi fields along y(¢) such that

Y. (0) = 0,67 (u),  Yi0)+ L, 0.0 (1) = (V,N)*,
Y,(0) =0, ¥/(0) = 3,N.

This implies Y; = Y.
Moreover, since Y, is a transverse Jacobi field along v(r), we have

Y(;(O) + L'y'(O)aad)_l(u) € gz‘y(O)F>) Yo’((o) = V()(N;

and since L. 4)3,¢ ' (1) € T, ) P, we have Y/(0) + L. (0)3,0 (1) = (V,N)*.
All this implies ¥, = Y,,.

On the other hand, by the Gauss lemma for tubes (see [Gr 1] or [Ch]),
{04x,0,x)y =¢0;x,9,x) = 0. Then (2.5.1) follows.
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§3. Estimates for the volume of complex submanifolds

From now on, M will be a connected compact Kaehler manifold of real dimen-
sion 27, and P will denote a closed complex submanifold of M of real dimension
2q, g > 0. We shall denote by ¢, ) and J the metric and the complex structure of
M, respectively.

Letp € P, N€8I,P and yn(¢) asin 2.1. Let f(N) = inf{r > 0/y(7) is a fo-
cal point of F}. For every ¢ € ]0, f(N) [, there is a neighbourhood U of yy(¢)
and a neighbourhood V of pin Psuch that P(f) = UN{me M/d(m,V) =1t}is
a real hypersurface of M. We shall denote by S(7) the Weingarten map of P(¢)
associated to a unit normal vector field N’ defined on P(¢) as an extension of
yn(1). Let w be the Riemannian volume element of M, dp that of P, and dN that
of the unit sphere $2772971 Let 65 (p, ¢) be the real function defined on {(p, N, t) €
8P X R/0 < t < f(N)} by w(yn()) =0x(p,t) 1?29V dN ndp ndt. In [Gr 1]
it is proved that:

3.0.1) Ov(p, 1)/ On(Dt) = —[tr S(¢)+ (2n — 2q — 1) /],
(3.0.2) S(¢) = S(1)* + R(¢)

(where §'(f) =V, (,S(f), R(1) is defined in 2.1), and

At

(3.0.3) lir% Onv(p,t) = L
t—

Actually the function 8x (p, ) is defined in [Gr 1] by the action of w on certain
Fermi fields. If we take the coordinates defined in 2.4 with {d,],-, ., or-
thonormal at p and {9,};=24+1... 2. Orthonormal at { € $?"~29~! such that
N(p, &) = N, this yields

ox dx ox 1 odx 1 ox

du' T ouT ot 19U o]

Since d,x, 9;x are Jacobi fields along v, () and d,x = yx(¢), these vector fields
can be extended along yy(f) for every f. Then, for each p € P, N € ¢, P,
On(p,t) is well defined and C* on R. In this paragraph we shall denote this ex-
tension also by 5 (p, ). In §4 another extension will be considered.

We shall consider the following orthogonal direct decomposition of 7., M =
H, @ vn (), Jyn (0D @ V,, where H, = 7, T, P and {[y4 (1), Jyx(1)]) is the vec-
tor space generated by v~ (¢) and JyA (7).

3.1. LemMA. Suppose that, for every p € P, N € sM, P, Ky (v (1)) = 4X,
K(yN(t),H) = 2gh and K{(y5(1),V) =2(n—q — 1)\. Then
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sin(V\ 1) \27—29-1 - B
(3.1.1) On(p,t) < (T) cos (\/Xt) = 9(t),
(3.1.2) On(p, 1) /(1) is a decreasing function,

and the equality holds in (3.1.1) if and only if Ly, = 0 for every N € 4,9UP and
®R(t) and Q(t,p,N) have the matrix expression

A 0
(3.1.3) R(1) = -t ,
A
K 4\ |
—cos(\ﬁxt) ]
2q
. 0
cos(VA 1)
sin(VA¢)
@(t,P,N) = W :
2n—2q—2
0 sin(VA 1)
YA
sin(2VA )
e 2\/X -
with respect to an orthonormal basis {e;,e, = Je,, ..., 3, €3,_2 = Jes,_3,

exn—1 = JN} of {v5(0))* such that {e;};— .. 2, is a basis of T,P.
If M = CP"(N\) and P = CP49(\), then 65(p,t) = n(1).

Proor. Inequality (3.1.1) is essentially proved in [Gr 2]. We give here a slightly
different proof in order to make it more obvious to the reader that equality im-
plies (3.1.3).

Let {F;(#)};<i<2n_ be a basis of {y5(f)}* obtained by parallel transport
along yx(¢) of an orthonormal basis {e;};<;<2,—1 of T, P which diagonalizes the
Weingarten map L, of P associated to N. Let us consider the functions f;(¢) =
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(S(H)E;(t),E;(t)). Taking the derivatives of f;, using (3.0.1) and the Cauchy-
Schwarz inequality, we get

fl =(S'E,,E;) = (S*E; + R()E,,E;)
(3.1.9) = |SE||)* + (R(1)E,, E)) = (SE, EY + (R()E,, E;)
=f2 4+ (R(1)E,E;).

Then, using the hypothesis Ky (yn(?)) = 4N, K(y4i(#),H,) = 2g\ and
K(yn(), V) = 2(n —q — 1)\, we get

1 2q ’ 1 2q 5 \ 1 2q 2 )\
(5 24) = (35 27) +2= (5, £ +

1 2n;2 4 1 2n—-2
b = s 3
2n — 2q 2 i= 2q+] 2n 2q 2 i=2g+)

(3.1.5)

and

Sinor 2 3,1 + 4N

Fori=1,...,2¢g we have that, if k; is the principal curvature of L, in the di-
rection of e;, f;(0) = k;. Moreover, k,; = —k,;_, for 1 < j < g, because Pis a
complex submanifold. Then

L3 N o
_ ] =O
(2(1 i=1f>( )

and, from [Gr 1, Lemma 5.1] it follows that

2
(3.1.6) Zi f} fi(t) = VN tan(VAf).
Then
(3.1.7) Ef,u) > —— In(coszq(\/Xt))

i=1

Fori=2qg+1,...,2n— 1 we have f;(0) = —o. Then, from (3.1.5) and [Gr 1,
Lemma 5.2],

212 2(n—q— VA d [ 202 ]
B L SLYA LA n=2q-2 ([}
‘-§+1ﬁ(t)> pr—— ~ sin (VN 1)
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and

2VA _4 In[sin2VA1)].

f2n—](t)—>-_tan(2\/xt) = dt

Then, by (3.0.1),

2n—1 _ _
%lneN(P,f) =—[tr S(1)+ Qn—2q — 1)/t]) ==, fi(t) — (2_’7_%_1)
i=1

sin \/?\[ 2n—2g—1
< ﬁln[cosz"“(\ﬁ\t)(—(——)) },
dt t
from which (3.1.2) and (3.1.1) follow, having account of (3.0.3).
If we have the equality in (3.1.1), then all the above inequalities must be equal-
ities, which implies that kK, =0 fori=1,...,2q, and {E;(#)},<;<2n—; diagonalizes

S(t) with eigenvalues

VX tan(vVA 1) fori=1,...,2q,
Ji(t) =3 =\ cot(VAr) fori=2q+1,...,2n -2,
—2V\ cot(2Vh 1) fori=2n— 1.

Then the expression (3.1.3) for ®(¢) follows from (3.0.2), and the expression
for G¢t, p, N) follows from Proposition 2.2.

If M = CP"(\) and P = CP9(\), then all the above inequalities are equalities,
and O5(p,1) = n(1).

3.2. COROLLARY. For each N € s9UP, let ¢(N) = sup{t > 0/d(P,yn(?)) =t}
and c(P) = inf{c(N)/N € sNP}. If Ky = 4N and K, = N, then c(P) < c(N) <
x/2VN. If M = CP"(\) and P = CP9(\), then c¢(P) = c(N) = 7/2YN YN €
sINCPI(N).

ProoF. Given a function g¢: X X R* — R, where X is a given space, let us
denote by z(q) the function which, to every x € X, associates the first zero of the
function ¢ — g(x,f). Then, it is well known that c(N) = f(N) = z(On(p,1)).
Then, by (3.1.1) we have that ¢(P) < c( ) < z(n(2)) = 7/2V\.

3.3. THEOREM. Lef M and P be as in 3.1. Then

vol(P) - vol(CPI(\))

(3.3.1) vol(M) = vol(CP"(\))
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Proor. Let us denote by dN the volume element of the euclidean sphere of
radius one $2"72471 C 91, P. If cut(P) = {yn(c(N)), N € s9LP}, we have that

= {yn(t), NEIP, 0 <t < c(N)} Ucut(P). Then, from (3.1.1) and 3.2, we
have

c{N)
vol(M) = f f f 1272471, (p, t) dNdp dt
pJo SZn 2g—1

w/2vN
sf ff 12y (tydNdp dt
0 P SZn-Zq—l

P /2N
— —VOIS.)__ f f t2n—2q—ln(t) depdt
VOl(CPq()\)) 0 CPI(N) s2n—2q-1

_ vol(P)vol{(CP"(N))
~ vol(CPY(N))

3.4. THEOREM. Let M and P be as in 3.3, with g = n — 1. Then the equality
in (3.3.1) holds if and only if there is a holomorphic isometry i: M — CP"(\)
such that i(P) = CP"1(\).

Proor. If we have the equality in (3.3.1), then (3.1.1) must have an equality,
which implies that @(¢, p, N) has the form given in (3.1.3). Then G(#,p,/N) has
rank 2n — 1 for 0 < t < w/(2¥X) and rank 0 for ¢ = x/(2v\). Then, by 2.3,

rank{expmp(w/(z\/x))}*(W/(Z\m)N =0 for every N € ¢LP.
Then, since 9UP(n/(2V\)) is connected, there is a point m € M such that
(3.4.1) expyp({7/(2VN)N/N € sNP}) = {m]}.

Since equality in (3.3.1) implies also that ¢(N) = x/(2v\) for every N € s9P,
(3.4.1) means that m can be joined to every point p € P by a minimizing geodesic
orthogonal to P.

Let &:83P — S?"~! C T,,M be the continuous map given by

PV =k (/@) = & expura) (7).

Since ¢JTP is compact we have that ®(s9ULP) is closed in §?"~!. But if £ €
& (s9UP), there is an N € sILP such that yy(7/(2v))) = £, and we have that

eXpy, (—1§) —71«(2\5\ t).
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Then
T
V= tN/O<t<—,NEAE)‘LP}>
exPEﬂ.P({ 20
(e
= ml{sE/0<s < —, e@oi)’(P)}).
exp ({E i 13 (
Let

3:]0,7/(2,YN)[x $(s9LP) — {sg/o <s< % te <I>(oS’LP)}

be the diffeomorphism given by 3(s,£) = s¢. Then ]0,7/{(2VA)[ X ®(sNP) =
3 !.exp;,’ (V), which is open. Then ®(s9UP) is open in $2"~'. Then, since S>"~!
is connected, ®(s9TP) = S?"~!, Then every geodesic exp,,(—?£) starting from
m (¢ € $?*~') will meet a point of P for # = 7/(2v\) and there is no cut point of
m before P, i.e. exp,, is a diffeomorphism from the open ball of center 0 and
radius #/(2VA) in T,,M into M — P, and P is the set of cut points of m (since
Ku(yn(1)y = 4N and py (ya (1)) = 2(n — )N imply c(£) < 7/ (2VN) for every £).

Moreover, from the fact that ®(49TP) = S2"~! we have that for every £ € §2"!
there is an N € sJUP such that

VN(z—% - t) = exp, (—18) = v:(1).

Then, if R,,(¢) is the operator along y_;(#) defined in 2.1, we have that

™
R, (1) ~R<ﬁ - t).

Then, solving the differential equation given in Proposition 2.2, we get (here g = 0)

sin (VA ¢)

VA 0

(3.4.2) Q(t,m,§) = sin(VA 1)
VA
0 sin(2VA7)
29\

Now, let m" € CP*(N\), and j: T,,M — T,,,CP"(\) a holomorphic isometry,
and let us define i’ : M — P> CP"(\) — CP"'(\) by

i"(exp,, S£) = exp,, sj(§), for0<s< /2N, ¢£e€ 82!,
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We have seen that P is the cut locus of m, and it is well known that the cut locus
of m’ is a CP""!()\). On the other hand, R,, (¢) has also the expression (3.1.3)
for every geodesic v (7) of CP"(\) starting at m’. Then Q(z,m’,j(£)) has also the
matrix expression (3.4.2) in CP"(\). Then, by 2.5, the map i’ is a holomorphic
isometry. Then M — P has constant holomorphic sectional curvature. Moreover,
M — Pis dense in M, whence by continuity M has constant holomorphic sectional
curvature, and, M being compact, there is a holomorphic isometry i: M —
CP"(N) (cf. [K-N)). If we take m’ = i(m) and j = i,, then i;5;_p = i’, which im-
plies that i(P) = CP""}(\).

3.5. A crucial point in the proof of Theorem 3.4 is the fact that cut(P) is a
point. Then this proof works only for complex hypersurfaces. For g < n — 1,
cut{P) is an immersed submanifold of M, and if we want to prove the isometry
between M and CP”(A) by using 2.5, we must prove that cut(P) is isometric to
cut(CPI(\)) = CP™91(\), which seems as difficult as proving the isometry be-
tween P and CP9(\). The situation is easier if we fix M or P. For example, if
M = CP"(N\), Theorem 3.3 implies that vol(P) = vol(CP9(\)) and equality im-
plies, by 3.1, that P is totally geodesic in CP"(\), then (cf. [Ki]) P is CPI(N).
Another possible situation consists in fixing P = CP9(\) and determining M by
the equality in (3.3.1), but this is an obvious consequence of [Na, th. 2]). Let P,
be the tube of radius » about P in M. If we take the function vol(P)/vol(P,) in-
stead of vol(P)/vol(M) and fix I? = CP9()\), the determination of P, by the cor-
responding equality on the above function is not so obvious. We shall do that in
the next section.

§4. A theorem of Gromov-Nayatani type for tubes
about complex submanifolds

In this paragraph a tube P, (respectively the boundary 3P, of a tube) of radius
r about P in M will mean the set of points m € M such that d(m, P) < r (respec-
tively d(m, P) = r). With this definition, if » > ¢ = max{c(N), N € 9P}, then
P.=P,and 6P, = .

In order that the usual formulas computing the volume of P, remain valid, we
shall extend the function 85 (p, t) (respectively n(#)), defined in §3, by On(p, ) =
0 when 7 > ¢(N) (respectively by 5(¢) = 0 when ¢ > 7r/2\/7\). Then we have

4.1. THEOREM. Let M and P be as in 3.1. Then the functions
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_ vol(P,) _ vol(M — P,)
T = icrin g’ 47 T wolicr () = cpin T
h(r) = vol(dP,)
vol[8(CPY(N), ]

defined on R* are decreasing and

vol(P)

@411y —
vol[CP(\)]

=f(0) = f(r)= h(r)=g(r)  foreveryr € R

Moreover f(r) = h(r) (respectively g(r) = h(r)) if and only if r is a critical point
of f (respectively g).

Proor. The extensions taken of 6, (p,¢) and n(¢) allow the statement of the
theorem to be valid also for r = cut(P).

Now we are proving that the above functions are not increasing:

(a) fis not increasing:

Observe that

vol(P,) =ff ftz”‘z‘?_‘ﬁN(p,t)dthdp,
P SZn-qul 0
vol[CP9(N),] = f f 1277297 (t) dt dN dp
CPIN) vs2172971 Jo

:vol[CP"()\)]vol(Sz"*z"“‘)f 13291y (¢t) dt.
0
Let

f 12419, (p, t) dt
0

gN,p(r) =

f t2r1—2q71,r,(t) dt
0

For 0 < r < 7/2V\, the derivative of this function satisfies

r2n—2q-1n(r) [frIZn—Zq—l{M n([) — ON(p,[)}dt:I
0

ghip(r) = ik =0

r 2
==
0
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since, by (3.1.2),

On(p, 1) < Oy (p,1)

=< for0<r=<r
7(r) n(1)

For r = 7/2V\: gk, ,(r) = 0.
Then gu, ,(r) is not increasing for every real r. From this it follows that, if r <

r’, then

(r)dNdp
vol(P) fpfznzq-xg’“’ )

vol[CPY(N),] ~ vol[CP7(N)]vol(§?7~2¢7T)

'YdNd,
> fpfz"Zq—lgN’p(r) P _ vol(P,)
= Vol[CPY(\)]vol(S2"72471) ™ vol[CPY9(N\), ]

(b) For the function g the same proof works with

vol[CP"(\) — CPY(N\),] = f

/2N
vol(M — P,) =f f f 131724719, (p, 1) dt dN dp,
P S?.nf—Zq—l r

/2N
fz 1 f 12241y (t) dt dN dp,
s2n=29-1 J,

o x/2N
t3r-2a-1g, (p,t) dt

x/2\N
f 1320 (1) dt
r

CPI()\)

gN,p(r) = d

(c) For the function A,

b (r) =

vol(éP,) = Jr

f smrgns " O () dNdp,
P Jgen—24-

vol[GCPI(N\),] =J f r2n=24=ly(r) dN dp,
CPI(\) J§2n—2q-1

ff On(p,r) dNdp
_ P SZn-Zq-l

h(r) =
(r) 1(r)vol[CPY(\)Jvol(§27-24° 1)
vol(CPq()\))Vol(S2n~2q—1)f f [ON (D r)n(r) — On(p, )0’ (r)] dNdp
P Js2n—2q-1

(1(r)vol(CPI(N)vol (§2724T))?
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Then 4’ (r) < 0 because 0 = (6/9)" = (§'n — ') /n* for 0 < r < w/2VN and 6"y —
fn’ =0 for r = n/2V\.

Now we are proving the inequalities between the functions f, g, A. It is well
known ([Gr 2]) that

ﬂ vol(P,) = vol(dP,), i vol(CP9(N),) = vol(3CPI(N),).
dr dr

Since f is not increasing, we have

0= —
dr

d vol(P,) ] __ vol(aP,)vol(CPY(N),) — vol(P,)vol(dCP4(N),)
vol(CP9(N),) | (vol(CPI(N),))? ’

and this implies # < f. The implication of the equality is obvious.
Analogously, by taking the derivative of g we get g < .

4.2. CorOLLARY. Under the conditions of Theorem 4.1 we have
(4.2.1) vol{M — P,y < vol(CP"(A) — CPY(N),).

The equality holds if and only if M is isometric to CP"(\) and P is isometric to
CPI(\).

Proor. For0=r, g(0)=g(r), and from [Na, Th. 2] vol(M) < vol(CP"(}\)).
Then

vol(M) - vol(M — P,)
~ vol(CP"(N)) — vol(CP*(N\) — CPI(N),)

The equality in (4.2.1) implies vol(M) = vol(CP”"()\)), then ([Na, Th. 2]) M is
isometric to CP"(\). Moreover O (p,t) = n(t), 0 < t < n/2V\. Then P as the
principal curvatures zero and, by [Ki], P is isometric to CPI(\).

4.3. CoroLLARY. let py € P, pj € CP9(\). Let us denote by cut(py) the cut
locus of po. If vol(P) = vol(CP9(N)), q > 0, then the equality

@.3.1) vol(P,) = vol(CP9(\),)

implies that there is a holomorphic isometry between the vector bundles YU (P —
cut(py)) and N(CPI(N) — cut{pg)). If this isometry preserves the normal con-
nections induced on these normal vector bundles by the Levi-Civita connection of
M and CP"(\) respectively, then (P — cut(py)), is holomorphically isometric
to (CP(N) — cut(pg)),.
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Proor. The equality (4.3.1) implies the equality in the first inequality in (4.1.1)
and, then, since f(¢) is not increasing, that f(¢) is constant for 0 < ¢ < r. But, look-
ing at the proof of 5.1, we see that this is equivalent to the statement that
On(D,1)/7(t) be constant for 0 < 1 < r. As lim,_ (B (p, 1)/(1)) = 1, we get
On(p,t) =n(t) for 0 =t < r. By Lemma 3.1, ®(¢) has the expression given in
(3.1.3), and the Weingarten map L is zero for every N€ ¢ 9,P, p € P. Then P
is a totally geodesic submanifold of M and both have the same bounds for their
sectional curvatures. Then, it follows from [Na, th. 2] that vol(P) < vol(CP7(\))
and the equality of the volumes of P and CP9(\) implies the existence of a holo-
morphic isometry i: P— CP7(\). Since CP7(\) is a homogeneous space, we can
assume that i(py) = pg. Let us define

x 2 F(P — cut(pg)) = N(CPI(N) — cut(pg))
by
(4.3.2) X (N) = 1/byp, (1,'N),

where 7/ (respectively 7,) is the parallel transport in CP”(\) (respectively M)
along the minimizing geodesic jeining pg and i(p) (respectively py and p). As i is
a holomorphic isometry and P and CP9(\) are totally geodesic submanifolds, it
follows that x is a holomorphic isometry of vector bundles.

By Proposition 2.2 the operator Q(¢,vn(0),v~(0)) satisfies the differential
equation @” — ®Q® = 0 with the initial conditions @(0) = Id,; @ 02,-24-1,
Q@' (0) = 05, @ Idy,-24—1 and R () = Id,,—, @ (4 Id,) on the space U = {N}* =
{INITY @ ({JN}), where L. and LU denote the orthogonal complement in
T, M and in ‘U respectively, and {{JN}) is the subspace generated by JN. Then

(4.3.3) Q(t,p,N) = Q(t,i(p),x(N)).

Let {ex}e=2gs1,.. ., 2» be an orthonormal J-basis of 97, P. By parallel trans-
port along the geodesics starting from p,, we get an orthonormal J-frame
{ fidk=2g+1.. .20 Of FU(P — cut(py)) and another one { f; = x (fidlk=2g+1,...,2n Of
IN(CPI(N) — cut(pg)). Let us take these J-frames to define systems of spherical
Fermi coordinates of M and CP”(\) respectively. It follows from the existence of
the isometry i, (4.3.3), Proposition 2.5, and the hypothesis on the conservation of
the normal connections by x that the expression of the metric tensor in the coor-
dinates just defined before is the same in M as in CP"(\).

Let us consider the map ®: (P — cut(pg)), = (CPI(N) — cut(pg)), defined by

®(expyp IN) = exporcpin) IX(N).
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When we read it in the above spherical Fermi coordinates it is represented by the
identity. Then the above remarks show that if x preserves the normal connections
in 9UP and 9UCPY(\), then ® is a holomorphic isometry.
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