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ABSTRACT 

Let M be a Kaehler manifold of real dimension 2n with holomorphic sectional cur- 
vature KH -> 4X and antiholomorphic Ricci curvature o,4 > (2n - 2)X, and P is 
a complex hypersurface. We give a bound for the quotient (volume of P)/(volume 
of M) and prove that this bound is attained if and only if P = CPn-l(h) and 
M = CPn(X). Moreover, we give some results on the volume of tubes about P 
in M. 

§1. Introduction 

In [H-K] ,  Hein tze  and Karcher  ob ta ined ,  for  the vo lume o f  a s u b m a n i f o l d  o f  

a R iemann ian  man i fo ld ,  an inequal i ty  which has,  among  others,  the fol lowing in- 

teresting consequence:  "Let  (Rn, X,A be the family o f  pairs ( P , M )  such that  M is an 

n -d imens iona l  connec ted  c o m p a c t  R i e m a n n i a n  m a n i f o l d  with Ricci curva ture  

bounded  f rom below by (n - 1 ) h (X > 0) and  P is a connected compac t  hypersur-  

face of  M with A as an upper  bound  o f  the norm of  the mean curvature of  P. Then 

the func t ion  ' re la t ive  vo lume '  ~ : (Rn,X,A ~ R def ined  by  ~ ( P , M )  = ( v o l ( P ) ) /  

( v o l ( M ) )  has a m i n i m u m  on the pair  . -1  (Sx+A 2, S~),  and  this is the only pair  on 

which the m i n i m u m  is a t t a ined" .  Here  S~ denotes  the q-sphere  o f  cons tan t  sec- 

t ional  cu rva tu re  #. A s imilar  result  is ob ta ined  for  P o f  a rb i t r a ry  cod imens ion  if  

the hypothesis  on the Ricci curvature  is changed by  one on the sectional curvature.  

In  [G-M] ,  V. Miquel  and  the au thor  have considered the smaller family  3£n,X,h,k 
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of the pairs (P ,M) such that M :is a connected compact Kaehler manifold of  real 

dimension 2n with antiholomorphic Ricci curvature and holomorphic sectional cur- 

vature bounded from below by (2n - 2)k and 4)` respectively, and P is a real 

hypersurface of  M with h and k .as upper bounds of  the modulus of  the JN-mean 

curvature HjN and the JN-normal curvature kjN respectively and with kjN HjN >-- 
0. We have proved that the relative volume has a minimum on the pair (S c ,  

CPn()`)) and this is the only pail- on which this minimum is attained. Here Sr c is 

the geodesic sphere of  radius r of the complex projective space CPn()`) of  real 

dimension 2n and constant holomorphic sectional curvature 4),; r is given as a 

function of )`, h and k. 

The aim of this note is to obtain bounds for the function ~ on other sets of pairs 

(submanifold, Riemannian manifold) and the characterization of some pairs by the 

fact that they realize one of these bounds. In particular, the main result we prove 

here is: "Let 9gn,x be the family of  pairs (P, M) where M is a Kaehler manifold of  

real dimension 2n with holomorphic sectional curvature Kn -> 4)` and antiholo- 

morphic Ricci curvature PA --> (2n -- 2))`, and P is a complex hypersurface of M. 

Then a? has a minimum on the pair (CP~-I(X),CP"(X)) and this is the only pair 

on which the minimum is attained". 

The plan of  the paper is the following. In §2 we define the Jacobi operator for 

submanifolds of  arbitrary codimension and give an expression of  the metric ten- 

sor of the manifold in terms of  this operator. This will be a fundamental tool for 

the characterization of  the pairs realizing a bound. In §3 we prove the main the- 

orem of  the paper. In §4 we gwe a theorem for tubes around complex sub- 

manifolds in Kaehler manifolds which is in the spirit of  the theorems of  Gromov 

([Gv, lemma 5.3 bis]) and Nayatani ([Na, th. 1]), and which generalizes a result of 

A. Gray ([Gr 2, th. 6.1]) in the same vein that Gromov's result generalizes one of  

Bishop ([B-C, p. 253]). We get some consequences of this theorem by using, in an 

essential manner, some technical results given in §2 and §3. 

Now, we recall some definitions and give some notation. 

Let (M, ( , ), J )  be a Kaehler :manifold of real dimension 2n. A holomorphic 

plane is that generated by two vectors of  the form X, JX. An antiholomorphic 

plane is that generated by two veclors X, Y such that Y is orthogonal to both X and 

JX. 
The holomorphic (antiholomorphic) sectional curvature Kn(KA ) of (M, ( , ) ,  J )  

is the restriction of the sectional curvature of M to the holomorphic (antiholo- 

morphic) planes. We shall denote by KH(X) the holomorphic sectional curvature 

of  the plane generated by X and JX. 
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We shall adopt the following definition for the curvature and the Riemann-  

Christoffel tensor: 

R ( X , Y ) Z  = - [ V x , V y ] Z  + VIx,r~Z and RxYzw = ( R ( X , Y ) Z , W ) .  

Given a point p E M, a vector X E TpM and a holomorphic subspace II of  real 

dimension 2q and orthogonal to X, the antiholomorphic q-sectional curvature 

K ( X , H )  of X at II, is defined by 

2q 

K(X,  II)  = ~ Rxe, xei, 
i=1 

where {e~,Je~ = e 2 . . . . .  e z q - l ,  Je2q- i  = ezq] is a J -or thonormal  basis of  H. This 

concept is just the restriction of the 2q-mean curvature (defined in [B-C, page 

253]) to the holomorphic planes. Then K(X,  II)  depends only on the 2q-plane YI 

and on X. We note that, as a consequence of the definition, II must be also orthog- 

onal to JX.  When q = n - 1, the plane 17 is uniquely determined, then K ( X , H )  de- 

pends only on X, and it will be denoted by PA (X)  and called the antiholomorphic 

Ricci curvature of  X. 

I wish to thank V. Miquel for his advice and F. Carreras and A. Ros for use- 

ful comments.  

§2. Jacobi operators 

A very useful tool to characterize the pair on which the minimum of  the rela- 

tive volume is attained is the Jacobi operator. It is defined in [Ch] for real hyper- 

surfaces and for points (see also [V-W]). Here we extend this concept to 

submanifolds of  arbitrary real codimension. 

Let M be a Riemannian manifold of  dimension n, P a submanifold of  M of  

dimension q < n. We shall denote by (aN;P) N;P the (unit) normal bundle of  P in 

M, and by N;pP (aN;pP) the fiber of N;P (aN;P) at p E P. For every N E aN;P, LN 

will denote the Weingarten map of P associated to N. 

2.1. DEFINITION. Let p @ P C M and N E aN;pP. Let 7N(t) be the geodesic of  

M satisfying 7N(0) = P, ~ ( 0 )  = N. For every e E TpM, let e r be the component  

of  e in TpP and e ± the component  of e in N;pP. Let us denote by IN} ± the or- 

thogonal  complement  of  the vector space generated by N in TpM. Then the 

Jacobi operator  (~( t ,p ,N)  is the map 

~ ( t , p , N )  : [N} ± --, [N} x 
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defined by 

12(z,p,N)e = 771Y(t),  

where Y(t) is the transverse Jacobi field along 3' such that Y(0) = e r  and Vu Y + 

L u e  r = e ±, and rt is the parallel transport along 3"u(1). 

Let us denote by 61(t) the operator 6t(t) : {N] ± - ,  IN]  ± defined by 61(t) = 

-1 oR( t )  o 7t where R( t )  is given by R ( t ) U  = R(3"fv(t),U)3";c(t) for every U E  Tt 

By a direct computation from Definition 2.1 one gets 

2.2. PROPOSITION. 12( t , p ,N )  satisfies the equation 

12" ( t,p, N) + 61( t)12( t , p ,N )  = 0 

with the initial conditions 12(O,p,N) = Idq (~) 0 and 12' (O,p,N) = ( - - L N )  @ 

Idn-q-l ,  where Idq means the identity map on TRP, and Idn_q_1 and 0 are the 

identity and the zero map o n  ~Y[pP [') I N ]  ± , respectively. 

Let $ be a subset of TM. From now on we shall denote by exp~ the restriction 

to $ of  the exponential map on TM. 

From Definition 2.1 and the relation between the transverse Jacobi vector fields 

and the exponential map (cf. [DC], for example), it is straightforward that 

2.3. PROPOSITION. Let ?~P( t) = [ X E 9ZP such that IX] = t ] .  Then 

rank 12(t,p,N) = rank[exp~p~o }.tN. 

To end this paragraph we give an expression of  the metric of M in terms of the 

operator 12(t,p,N) and the metric of P, which generalizes those given in [Ch] for 

P a point and for P a real hypersurface (see also [K-V]). For this we first need a 

special type of  coordinates: the spherical Fermi coordinates, which coincide with 

the spherical geodesic coordinates when P is a point and with Fermi coordinates 

when P is a hypersurface. Spherical Fermi coordinates are related with Fermi co- 

ordinates as spherical geodesic coordinates are related with geodesic coordinates. 

2.4. DEFINITION. Let (U,0) and (V,~b) be coordinate systems of P and S "-q-~ 

respectively. Let [fklk=,t+l . . . . . .  be a local frame of  ~ P  on U. Let us define 

N : U x  V --* aT(.P by 

X ( p , ~ )  = ~ ~kfk(p),  
k=q+l 

where ~ = (~q+l . . . . .  ~ )  E S ~ q-i C R ~-q. Let W =  O(U) x ~b(V) x I ( I C  R +) 

and x : W -,  M defined by x ( u, v, t) = exp,-  ,~ ~) tN(4,-  i ( u ), ~ - i (v)). We can take 
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U, V, and I so that x is a d i f feomorphism.  Then  the pair  ( x ( W ) , x  -~) is called a 

system of  spherical Fermi coordinates.  

2.5. PROPOSITION. In a system of  spherical Fermi coordinates the metric ten- 

sor has the expression given by 

q 

ds2 = dt2 + ~a 
~,3=1 

n--I  
(2.5.1) + 

( ( i ( t )  [0~,~-I + (VAN)±],  

( i ( t )  [0~0-1 + (V~N)±])du~du ~ 

02( t)O~N,(i( t)OjN) dvi dv J 
i , j  = q + l  

+ ~] ( ( i ( t )  [O,~ -~ + (V~N)±],( i ( t )O~N)du~dv ~ 
~ x - - l , . . . , q  

i = q + l , . . .  ,n--I  

where ( l ( t )  = (i(t ,  ck-l(u), N(4~- l (u ) ,¢ - l ( v ) ) ) ,  V~, = Va/o~, Vi = Va/a~i, O~ = 

O/Ou ~ and O~ = O/Ov( 

PROOf. It is easy to see that  Ya(t) = O~x(u,v,t)  and Y/(t) = Oix(u,v, t)  are 

transverse Jacobi  fields along the geodesic 3/(t) = exp,-~(~ ) tN(4~-~(u), ¢ -~ (v)) 

satisfying the initial condit ions 

Y~(O) = O~4~-~(u), 

Y~(O) = o, 

Y'(O) = V~N(4~- l (u) ,¢- l (v ) ) ,  

Y[ (O) = a~N(ck-~(u), ¢-~( v)). 

On the other  hand l?~(t) = r , ( i ( t ) [ 0 ~  -~ + (VaN) s ] and I?~(t) = rtOL(t)OiN 

are transverse Jacobi  fields along 3'(t) such that  

?~(0) = 0 ~ 0 - 1 ( u ) ,  

~,(o) = o, 

This implies Yi = Y,. 

~ t  Y~(O) + Lv,(o)O~ck l (u)  = (VAN) ±, 

I?,' (0) = 0iN. 

Moreover ,  since Y~ is a transverse Jacobi  field along 3,(t),  we have 

Y~(O) + L.y,(o)Ojp-t(u) E ~v(0)P,  Y~(0) = VaN; 

and since L~,(o)O~-l(u)  E Tv(o)P, we have Y~(0) + Lv,(o)O~O-l(u) = (V~N) z. 

All this implies Y~ = I?~. 

On the o ther  hand,  by the Gauss l emma for  tubes (see [Gr 1] or  [Ch]), 

(O~x, Otx) = (Oix, Otx) = 0. Then  (2.5.1) follows. 
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§3. Estimates for the volume of complex submanifolds 

From now on, M will be a connected compact Kaehler manifold of  real dimen- 

sion 2n, and P will denote a closed complex submanifold of  M of  real dimension 

2q, q > 0. We shall denote by ( , )  and J the metric and the complex structure of  

M, respectively. 

Let p E P, N E 6~pP and YN (t) as in 2.1. Let f ( N )  = inf[ t > O/yu(t)  is a fo- 

cal point of  P}. For every t E ] 0 , f ( N )  [, there is a neighbourhood U of yN(t)  

and a neighbourhood V of  p in P such that P ( t )  = U f3 [rn E M / d ( m ,  V) = t] is 

a real hypersurface of M. We shall denote by S( t )  the Weingarten map of P( t )  

associated to a unit normal vector field N t defined on P( t )  as an extension of 

3'~v (t).  Let co be the Riemannian volume element of  M, dp that of  P, and dN that 

of  the unit sphere S 2 n - z q - I  . Let ON(p, t) be the real function defined on {(p, N, t) E 

aOZP x R / 0  < t < f ( N ) ]  by co(TN(t)) = ON(p,t) t 2n-2q-I d N ^  dp ^ dt. In [Gr 1] 

it is proved that: 

(3.0.1) 

(3.0.2) 

Ok(p, t) /ON(p, t)  = - [ t r  S( t )  + (2n - 2q - 1) / t ] ,  

S' ( t )  = S( t )  z + R( t )  

(3.0.3) lira O N ( p , t )  --- 1. 
t ~ 0  

Actually the function ON(p, t) is defined in [Gr 1] by the action of  co on certain 

Fermi fields. I f  we take the coordinates defined in 2.4 with {0~]~=~ .... .  2q or- 

thonormal  at p and {Oi] i=2q+l  . . . . .  2n--I or thonormal  at ( E S 2 n - 2 q - I  such that 

N(p ,  ~) = N, this yields 

Ox Ox Ox 1 Ox 1 Ox ) 
ON(p,t) = 00\0 7 . . . . .  OU 2q' a t '  t Ov "-q+l . . . . .  t Ov -5V1 " 

Since O~x, Oix are Jacobi fields along "yN(t) and Otx = 3'iv(t), these vector fields 

can be extended along "lN(t) for every t. Then, for each p E P, N E a~pP, 

ON(p, t) is well defined and C = on R. In this paragraph we shall denote this ex- 

tension also by ON(p, t). In §4 another extension will be considered. 

We shall consider the following orthogonal direct decomposition of TVN~t)M = 

Ht (~ ([3'iv(t), J3,~/(t)]) Q Vt, where Ht = ~tTpP and ( [3~( t ) ,  J3 '~(t)])  is the vec- 

tor space generated by "/~(t) arid J~/v(t). 

3.1. LEMMA. Suppose that, for  every p E P, N E ~9~pP, KH(yjv(t)) >-- 4h, 

K( ' l /v( t ) ,Ht)  > 2qX andK(3,/v(t),V,) >- 2(n - q - 1)X. Then 

(where S ' ( t )  = V~,NIt)S(t), R( t )  is defined in 2.1), and 
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/ sin(x/X t) ]2.-2q-, 
(3.1.1) ON(p,t) <-- \ ~f~--ll "] COS2q+l(X]-~t) -- n(t) ,  

(3.1.2) ON(p, t ) /~( t )  is a decreasing function, 

and the equality holds in (3.1.1) i f  and only i f  L u  = O for  every N E 6p~P and 

(R( t) and (~( t , p ,N )  have the matrix expression 

X 0 

2 n  - -  2 

(3.1.3) R(t)  = . . .  

0 

) 

X 

4X 

(~( t ,P ,N)  = 

c o s ( ~ t )  

2q 

0 

".. 0 

cos(4Xt) 

sin(4Xt) 

2n 2q 2 

sin(x/X t) 

4x 
sin(24Xt) 

24X 

with respect to an orthonormal basis {el,e2 -- Jel . . . . .  e2n-3, e2n 2 : J e 2 n - 3 ,  

e2,-1 = JN} o f  [3,~(0)}" such that {eili=l ..... 2q is a basis o f  TpP. 

I f  M = CP"(X) and P = cPq(X),  then ON(p, t) = ~l(t). 

PROOF. Inequality (3.1.1) is essentially proved in [Gr 2]. We give here a slightly 

different proof in order to make it more obvious to the reader that equality im- 

plies (3. 1.3). 

Let {Ei(t)]l<_i<_2 n i be a basis of [-y~(t)}" obtained by parallel transport 

along 3'N (t) of an orthonormal basis [ ei } l<_i<_2n-1 of TpP which diagonalizes the 

Weingarten map LN of P associated to N. Let us consider the functions f~(t) = 
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(S ( t )E~( t ) ,Es( t ) ) .  Taking the derivatives o f f~ ,  using (3.0.1) and the C a u c h y -  

Schwarz inequality, we get 

fi '  = (S 'Ei ,Ei )  =: (S2Ei + R( t )E i ,E i )  

(3.1.4) = IISEill 2 + (R( t )Ei ,E~)  >_ (SE~,E,) 2 + (R( t )Eg ,Ei )  

= f 2  + (R ( t )E i ,E i ) .  

Then,  using the hypothesis  KH('yk( t ) )  >- 4X, K ( T k ( t ) , H t )  >- 2qX and 

K(~/[~(t), 11",) >_ 2(n  - q - 1)X, we get 

(3.1.5) 

and 

( ,8),  ( , 8 )  ~q f, __ ~q ~ +x_> ~q=~  +x, 

~ f,. > f i  + x ,  
2 n - 2 q - 2 / = 2 q + l  - 2 n - 2 q - 2 i = Z q + j  

f ~ - I  >- f ~ - I  + 4X. 

For  i = 1 . . . . .  2q we have thal,  if ki is the principal curvature  o f  LN in the di- 

rection o f  el, fi(O) = ki. Moreover ,  kzj = - k z j _ l  for 1 _ j _< q, because P is a 

complex submanifold.  Then 

0 
and,  f rom [Gr  1, Lemma 5.1] it follows that  

1 2q 
- -  ~Y] f , ( t )  _> , /Xtan(4Xt) .  (3.1.6) 2q i=l 

Then 

2q d 
(3.1.7) ~a f , ( t )  > In(cos2q (x/Xt)) 

i=1 --  - - ~  

For  i = 2q + 1 , . . .  ,2n - 1 we have f i (0 )  = - o o .  Then,  f rom (3.1.5) and [Gr 1, 

L e m m a  5.2], 

2n--2 2 (n  - q - 1)x/X d 
f ~ ( t )  _ - _> - -  

i=2q+l tan ( x/X t) dt 
ln[sin2n 2q 
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and 

f 2 n - I  ( t )  2 - 
2 6  - - -- in [sin(2\Th t ) ]  . 

tan(2fi t )  d t  

Then, by (3.0.1), 

d 2n- I (2n - 24 - 1) 
- 1nON(p, t )  = - [tr S ( t )  + (2n - 2 9  - l ) / t ]  = - f , ( t )  - dt  1 = 1  t 

( s i n  t)  - 2 - 1  , 

from which (3.1.2) and (3.1.1) follow, having account of (3.0.3). 
If we have the equality in (3.1. l), then all the above inequalities must be equal- 

ities, which implies that k, = 0 for i = 1, . . . , 2 q ,  and (E, ( t ) )  lsisZn-l diagonalizes 
S ( t )  with eigenvalues 

\Th t a n ( 6  t)  for i =  1,. . . , 2q ,  

for i =  2 q +  1,.  . . , 2 n  - 2, 

- 2 6  co t (2At )  for i = 2n - I .  

Then the expression (3.1.3) for @ ( t )  follows from (3.0.2), and the expression 
for @(t ,p ,N)  follows from Proposition 2.2. 

If M = CPn(X) and P = CPq(h), then all the above inequalities are equalities, 

and ON(P,~)  = ~ ( 0 .  

3.2. COROLLARY. For each N E  6XP, let c ( N )  = sup(t  > O/d(P,yN(t)) = t )  

and c ( P )  = i n f ( c ( N ) / N E  63ZP). If KH 1 4 h  and KA 2 X, then c ( P )  5 c ( N )  5 
n/2& I f M  = CPn(X) and P = CPq(X), then c ( P )  = c ( N )  = v N  E 

6XCPq(X). 

PROOF. Given a function q :  X x R +  -+ R, where X is a given space, let us 
denote by z (g )  the function which, to every x E X, associates the first zero of the 
function t + q(x , t ) .  Then, it is well known that c ( N )  5 f ( N )  = z(ON(p,t)).  

Then, by (3.1.1) we have that c ( P )  I c (  ) 5 z ( ~ ( t ) )  = a/2& 

3.3. THEOREM. L e f M a n d P b e a s i n 3 . 1 .  Then 
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PROOF. Let us denote  by dN the vo lume element of  the euclidean sphere o f  

radius one S 2n-2q-I C ~ p P .  I f  c u t ( P )  = [yN(C(N)), N E e,~P], we have tha t  

M = [~'N(t),  N E  *9~P, 0 -< t < c ( N ) ]  tO c u t ( P ) .  Then,  f r o m  (3.1.1) and 3.2, we 

have  

vol,M)=f,,£c'N'fs2o_2q_,t2n-2q-'ON(p,t)dUdpd¢ 
t 2 n - 2 q - l ~  I (t) dNdp dt 

J 0  2n--2q--I 

v o l ( P )  (~/z,/x 
- v o l ( C p q ( x ) )  ~0 fcp~)fs2.~_~ t2~-2q-~'7(t)dNdpdt 

vol ( P )vo l  ( C P "  ( )~ )) 

v o l ( C p a ( M )  

3.4. THEOREm. Let M and P be as in 3.3, with q = n - 1. Then the equality 

in (3.3.1) holds if  and only if  there is a holomorphic isometry i : M  ~ CP~(},)  

such that i(P) = C p " - I ( x ) .  

PROOF. I f  we have the equali ty in (3.3.1), then (3.1.1) must  have an equali ty,  

which implies that  O~(t,p,N) has the fo rm given in (3.1.3). Then  O~(t,p,N) has 

r ank  2n - 1 for  0 < t < r r / (2 , /~)  and rank 0 for  t = a- / (2 , f~) .  Then,  by 2.3, 

rank[expap(,~/(z4X))l.(,~/(z,/X))N = 0 for  every N E  69ZP. 

Then,  since 9 Z P 0 r / ( 2 " ~ ) )  is connected,  there is a point  m E M such that  

(3.4.1) exp~p([~r/(2x/~)N/N E 69~P])  = {m ]. 

Since equali ty in (3.3.1) implies also that  c(N) = 7 r / (2 ,~ )  for  every N E ~gZP, 

(3.4.1) means that  m can be joined to every point  p G P by a minimizing geodesic 

o r thogona l  to P. 

Let  o~ : 6 ~ p  --, S 2n-1 (7. TraM be the cont inuous  m a p  given by 

• (N)=7'N(Tr/(2"~))= ( d e x p ~ p t N ) ( ~ - ~ ) .  

Since ~9~P is c o m p a c t  we have tha t  ~(~gZP)  is closed in S 2~-~. But if  ~ E 

~(~gZP) ,  there is an N E  ~gZP such that  ~,iv0r/(2~/~)) = 4, and we have that  

expm ( - t~) = "}'N - t . 
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Then 

Let 

(I )) V = exp~p tN/O < t < ~ ,  N ~ ~ P  

(I /) = expm s~/O < s < ~ ,  ~ E 4 ) ( ~ P )  . 

3 : ]0, Tr/(2,,/X)[x ¢ ( 6 ~ P )  ~ s~/O < s < ~ ,  ~ E , b ( ~ P )  

be the diffeomorphism given by 5(s,~) = s~. Then ]0,~r/(2, ,~)[× , I , ( ~ P )  = 

5 -~ .expm I (V), which is open. Then , I , ( ~ P )  is open in S 2"-~. Then, since S 2n-1 

is connected, ¢ ( ~ P )  = S 2"-~. Then every geodesic expm(-t~)  starting from 

m (~ E S 2"-~) will meet a point of  P for t = ~r/(2,~) and there is no cut point of  

m before P, i.e. expm is a diffeomorphism from the open ball of center 0 and 

radius a-/(24X) in TraM into M - P, and P is the set of  cut points of  m (since 

K , ( ' l k ( t ) )  -> 4), and OA ( ' lk( t ) )  >-- 2(n -- 1))~ imply c(8) _< ~ ' / (2 ,~)  for every ~). 

Moreover, from the fact that ¢ ( 6 ~ P )  = S 2n-~ we have that for every 8 E S 2" 

there is an N C ~ P  such that 

7N - - t  =expm(-- t~)  = 7 ~ ( l ) .  

Then, if Rm(t)  is the operator along -/_~ (t) defined in 2.1, we have that 

~ -  R 71" _ ° 

Then, solving the differential equation given in Proposition 2.2, we get (here q = 0) 

(3.4.2) (~( t ,m, ( )  = 

sin(x/X t) 

,/X 0 

0 

sin(x/X t) 

sin(2~/X t) 

24X 

Now, let m'  E CPn(~,), and j :TmM--+ Tm,CPn(X) a holomorphic isometry, 

and let us define i' : M -  P--.  CP"(X) - Cpn-I(X)  by 

i ' (eXpmS~)=expm, sj(~),  for 0 --< s_< rr/2~/~, ~ E S  2~-1. 
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We have seen that P is the cut locus of m, and it is well known that the cut locus 

of  m'  is a CPn-I(~,).  On the other hand, Rm.(t ) has also the expression (3.1.3) 

for every geodesic 7 ( t )  of CP"(X) starting at m'. Then t2(t,m',j(~)) has also the 

matrix expression (3.4.2) in CPn(~,). Then, by 2.5, the map i' is a holomorphic 

isometry. Then M -  P has constant holomorphic sectional curvature. Moreover, 

M - P is dense in M, whence by continuity M has constant holomorphic sectional 

curvature,  and, M being compact ,  there is a holomorphic  isometry i : M 

CPn(X) (cf. [K-N]). If we take m'  = i(m) a n d j  = i., then ilM_ ~ = i', which im- 

plies that i(P) = CP~-I(X).  

3.5. A crucial point in the proof  of Theorem 3.4 is the fact that cu t (P)  is a 

point. Then this proof  works only for complex hypersurfaces. For q < n - 1, 

cu t (P)  is an immersed submanifold of  M, and if we want to prove the isometry 

between M and CPn(h) by using 2.5, we must prove that cu t (P)  is isometric to 

cut(CPq(~)) = CPn-q-I(X), which seems as difficult as proving the isometry be- 

tween P and cPq(~K). The situation is easier if we fix M or P. For example, if 

M = CPn(~,), Theorem 3.3 implies that vol(P)  >_ vol(CPq(X)) and equality im- 

plies, by 3.1, that P is totally geodesic in CPn(~,), then (cf. [Ki]) P is cPq(~K) .  

Another possible situation consists in fixing P = cPq(~K)  and determining M by 

the equality in (3.3.1), but this is an obvious consequence of  [Na, th. 2]). Let Pr 

be the tube of radius r about P in M. If we take the function vol(P)/vol(Pr) in- 

stead of vol(P)/vol(M) and fix P = c P q ( ~ ) ,  the determination of Pr by the cor- 

responding equality on the above function is not so obvious. We shall do that in 

the next section. 

§4. A theorem of Gromov-Nayatani type for tubes 
about complex submanifoids 

In this paragraph a tube Pr (respectively the boundary OPr of a tube) of radius 

r about P in M will mean the set of  points m E M such that d(m, P) <_ r (respec- 

tively d(m,P)  = r). With this definition, if r > c -  max[c (N) ,  N E  69~P], then 

Pc = Pr and OP~ = ®. 

In order that the usual formulas computing the volume of Pr remain valid, we 

shall extend the function ON(p, t) (respectively ~(t)), defined in §3, by ON(P, t) = 

0 when t > c(N) (respectively by ~(t) = 0 when t > ~r/2,j~). Then we have 

4.1. THEOREM. Let M and P be as in 3.1. Then the functions 
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f ( r )  = 
vol(Pr)  v o l ( M -  Pr) 

vol[CPq(~k)r] , g(r)  = v o l [ C P ~ ( h )  _ cPq(~k)r] , 

h(r) = 
VOI(OPr) 

vol[O(cPq(~k)r] 

defined on R + are decreasing and 

vo l (P )  
(4.1.1) - f(O) >_ f ( r )  >_ h(r) >_ g(r) f o r  every r E R +. 

vol[CPq(X)]  

Moreover f ( r )  = h (r) (respectively g(r) -- h (r)) i f  and only i f  r is a critical point 
o f f  (respectively g). 

PROOF. The extensions taken o f  O N(p, t) and o( t )  allow the statement o f  the 

theorem to be valid also for r >_ c u t ( P ) .  

Now we are proving that  the above functions are not increasing: 

(a) f is not increasing: 
Observe that 

fp£ £r voI(Pr)  = t2n-2q-lON(p, t) d tdNdp ,  2n--2q I 

vol [cPq(~k)r ] ~ fcpq(~) fs2n_2q_l £rt2n-2q-17~(t) dtdNdp 

fo = vol[CPq()~)]vol(S 2n-2q-l ) t2n-2q-lrl(t) dt. 

Let 

gu, p(r) = 

r tZn-Zq-lON(p, t) dt 

rt2n-2q ~ ( t )  dt 

For  0 < r < 7r/2~/X, the derivative o f  this funct ion satisfies 

rZn-2q-l~l(r)[£rt2n-2q-l[  ON(p'r~) - -ON(p, t ) )d t]  

g~v,p(r) = <- 0 
(£r t2n-2q- lB( t )  dt)2 
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since, by (3.1.2), 

ON(p,r) ON(p,t) 
- -  --< - -  for  0_< t_< r. 

~/(r) ~/(t) 

For  r _ ~r/24-X: g~v,p(r) = O. 
Then gu, p(r) is not  increasing for every real r. F rom this it follows that,  if r < 

r ' ,  then 

v o l ( P r )  fpfs2n2q -'gN'p(r) dNdp 

vol[CPq(Ik)r] vol[CPq(k)]vol(S 2n-za-I ) 

fPfs  2nzq-lgN'p(r')dNdp vol(Pr,)  
> 

vol[CIz'q()~)]vol(S 2n-zq-I ) vol[CPq(X)~,] 

(b) For  the funct ion g the same p r o o f  works with 

v o l ( M  - Pr) = t2n-2q-lON(P, t) dtdNdp, 
• 2 n  2 q - I  ~ r  

vol[CP~(X)  - cPq(X)r] = t2~-2q-171(t) dtdNdp, 
"~Pq()x) 2 n - 2 q - I  ~ r  

f ~/2,/X tZn-2q-lON(p, t) dt 
r 

gN'p(r) = 17r/zx~ tZn-Zq-l~l(t) dt 
~ r  

(c) For  the funct ion h, 

=~pfs  rZn-2q-lON(p'r) dNdp' vol(OPr) ,~ 2n-2q-I 

vol[OCPq()~)r] = j[cpqo,) fs2~_2 q , r2n-2q-J~l(r) dNdp, 

h(r) = 
fp fs2._2q_ ~ ON(p,r) dNdp 

rl( r)vol[Cpq( )x )]vol( S2n-2q-l ) ' 

h'(r) = 

f vol ( CPq ( ~ ))vol ( S 2n-2q l) Jp Js2~ 2q-~ [O'N(p,r)~(r) -- ON(p,r)~l'(r)] dNdp 

(~(r)voi(Cpq(X))vol(S2n-2q-I))2 
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Then h '  (r) _< 0 because 0 _> (0/7) '  = (0'7 - 0 7 ' ) / 7 2  for 0 -< r < 7r/2x/X and 0'7 - 

07' = 0 for r _ 7r/2,/X. 

Now we are proving the inequalities between the functions f , g ,h .  It is well 

known ([Gr 2]) that 

d d 
- -  vol(Pr) = vol(cgPr), - -  vol(CPq(~k)r) = vol(OCPq(~,)r). 
dr dr 

Since f is not increasing, we have 

0>_ ~r  L v o l ( C ~ ) r ) d  [ VoI(Pr) ] = vol(OPr)vol(CPq(;k)r)(v~_pq~- VoI(Pr)VOI(OCPq(X)r) , 

and this implies h _< f.  The implication of the equality is obvious. 

Analogously, by taking the derivative of  g we get g _< h. 

4.2. COROLLARY. Under the conditions o f  Theorem 4.1 we have 

(4.2.1) vo l (M - P~) _< vo l (CPn(h)  - CPq(~,)~). 

The equality holds i f  and only i f  M is isometric to CP~()x) and P is isometric to 

cPq( ) t ) .  

PROOF. For 0 _<_ r, g(0)  _ g ( r ) ,  and f rom [Na, Th. 2] vo l (M)  _< vo l (CP ' (X) ) .  

Then 

vo l (M)  v o l ( M -  Pr) 
1-> -> 

voI(CP'()x))  vol (CP ' ( )x)  - cpq()X)r)" 

The equality in (4.2.1) implies vo l (M)  = vo l (CP ' (X) ) ,  then ([Na, Th. 2 ] ) M  is 

isometric to CP ' (~ , ) .  Moreover ON(P,t) = 7( t ) ,  0 --< t --< 7r/2~/X. Then P as the 

principal curvatures zero and, by [Ki],  P is isometric to cPq(~k). 

4.3. COROLLARY. Let Po E P, p6 @ cPq()k). Let us denote by cut(po) the cut 

locus o f  po. I f  vol(P)  = vol(CPq(X)),  q > 0, then the equality 

(4.3.1) VoI(Pr) = VoI(CPq()~)r) 

implies that there is a holomorphic isometry between the vector bundles 9Z (P - 

cut (p0)) and 9Z (CP q ( )X ) - -  cut (p~)). I f  this isometry preserves the normal con- 

nections induced on these normal vector bundles by the Levi-Civita connection o f  

M and C P ' ( X )  respectively, then (P  - cut(p0))r is holomorphically isometric 

to (cPq()x) - cut(p~)L.  
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PROOF. The equality (4.3.1) implies the equality in the first inequality in (4.1.1) 

and, then, s incef( t )  is not increasing, that f ( t )  is constant for 0 _< t _< r. But, look- 

ing at the p roof  of  5.1, we see that this is equivalent to the statement that 

ON(p,t)AT(t) be constant for 0 __ t _< r. As l imt~o(ON(p,t) /n( t))  = 1, we get 

Ou(p,t)  = B(t) for 0 _< t _< r. By Lemma 3.1, (R(t) has the expression given in 

(3.1.3), and the Weingarten map LN is zero for every N E ~ 9ZpP, p E P. Then P 

is a totally geodesic submanifold of  M and both have the same bounds for their 

sectional curvatures. Then, it follows from [Na, th. 2] that vol(P)  < vol(CPq(X)) 

and the equality of  the volumes of P and cPq(~k)  implies the existence of a holo- 

morphic isometry i : P  ~ cPq()~). Since cPq(~k)  is a homogeneous space, we can 

assume that i(po) = p6. Let us define 

by 

(4.3.2) 

X : 9Z(P - cut(p0)) --' ~Y(~(cPq()x) - cut(pd )) 

(N)  = r[ i,po (" / t iN) ,  

where r/ (respectively rt) is the parallel transport  in CP"(X)  (respectively M)  

along the minimizing geodesic je.ining pd and i (p )  (respectively P0 and p ) .  As i is 

a holomorphic isometry and P and cPq(~k)  a re  totally geodesic submanifolds,  it 

follows that X is a holomorphic isometry of vector bundles. 

By Proposi t ion 2.2 the operator  (~(t, 3,N(0),3,)(0)) satisfies the differential 

equat ion (1" --, (R~ = 0 with the initial conditions ~(0)  = Id2q O 02,-2q l, 

~ ' ( 0 )  = 02q @ Id2n_2q_ 1 and 6t( t)  = Id2n_ 2 @ (4 Idl) on the space '11 = IN} 1 = 

[JN] "~t @ ([JAr}), where ± and ±q l  denote the or thogonal  complement  in 

T~N(O ) M and in '11 respectively, and ({ JN}) is the subspace generated by JN. Then 

(4.3.3) (~( t ,p ,N)  = ( ~ ( t , i ( p ) , x ( N ) ) .  

Let {ek}k=Zq+l . . . . .  2, be an or thonormal  J-basis of  9~p.P. By parallel trans- 

port  along the geodesics starting f rom Po, we get an or thonormal  J - f rame 

{fklk=2q+l . . . . .  2n of % ( P -  Cut(p0)) and another one {f~ = x(fD]a=2q+l ..... 2, of  

0 Z ( c P q ( X )  - c u t ( p a l ) ) .  Let us take these J-frames to define systems of  spherical 

Fermi coordinates of  M and CP"(X) respectively. It follows from the existence of 

the isometry i, (4.3.3), Proposition 2.5, and the hypothesis on the conservation of 

the normal connections by x that the expression of the metric tensor in the coor- 

dinates just defined before is the same in M as in CPn(X).  

Let us consider the map 4) : ( p  - cut(p0))r --~ (CPq(X) - cut(pd ))r defined by 

q~(exp~p tN) = expozcpq(x ) tx (N) .  
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When we read it in the above spherical Fermi coordinates it is represented by the 

identity. Then the above remarks show that if X preserves the normal connections 

in 9ZP and ~"LcPq(~k), then • is a holomorphic isometry. 
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